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Abstract

We present numerical results for the FEM (finite element method) presented in [Comput. Methods Appl. Mech. En
(2002) 5045–5065]. This method is devoted to the approximation of fluid flows obeying the Oldroyd model. A particul
this method, is to take into account the purely viscoelastic case, the so-called Maxwell model, important in practice. N
results are given for a fluid flowing in an abrupt plane 4 to 1 contraction. We use the corotational Maxwell model as ben
in the choice of our computations. Results are also given for the upper convected Maxwell model. Interesting effects a
the velocity profile: a phenomenon of quasi slip at the downstream wall.
 2005 Elsevier SAS. All rights reserved.

Résumé

Nous présentons des résultats numériques pour la méthode d’éléments finis exposée dans [Comput. Methods A
Engrg. 191 (2002) 5045–5065]. Cette méthode permet de prendre en compte le cas purement viscoélastique du
Maxwell. Pour guider nos calculs nous avons utilisé le modèle de Mawell corotationel, modèle qui présente des prop
stabilité numérique intéressantes. Nous observons des effets importants sur le profil de la vitesse : vitesse élevée près
en aval, avec quasiment un glissement et ceci dans le cadre de la contraction 4 en 1. Ces effets se produisent égalem
cas du modèle de Maxwell surconvecté, et ce, comme dans le cas précédent, pour des nombres de Weissenberg s
grands.
 2005 Elsevier SAS. All rights reserved.

Keywords: Finite element method; Viscoelastic flows

1. Introduction

We consider the following non-dimensional Oldroyd problem (cf. [1]) on a domainΩ ⊂ R
2 with polygonal boundaryΓ :

(P)




σ + λB(u,σ ) = 2αd(u) in Ω,

−∇ · σ − 2(1− α)∇ · d(u) + ∇p = f in Ω,

∇ · u = 0 in Ω,

u = u0 onΓ1, u · n = 0 onΓ2 = Γ \Γ1,[
(σ + 2(1− α)d(u) − pI) · n] · t = 0 onΓ2,

σ = σ0 onΓ −,

E-mail address: dsandri@maply.univ-lyon1.fr (D. Sandri).
0997-7546/$ – see front matter 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechflu.2005.04.004
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whereB is given by the objective derivative

B(u,σ ) = u · ∇σ + σω(u) − ω(u)σ − a
(
d(u)σ + σd(u)

)
,

with f ∈ [L2(Ω)]2, u0 ∈ [H1(Ω)]2, σ0 ∈ [L2(Γ −)]4 whereΓ − = {x ∈ Γ, λn · u0(x) < 0} is the inflow section of the
boundary (forλ = 0, we then haveΓ − = ∅), n is the outward unit normal vector onΓ , t the unit tangent, andn · u0 the
scalar product ofn andu0. We denote byΓ1 a subset, with positive measure, of the boundaryΓ . Let ds be the measure on th
boundaryΓ , we assume that the compatibility conditions

∫
Γ1

u0 ·nds = 0 andu0 ·n = 0 onΓ2 are satisfied (it is not necessa
thatu0 has divergence zero). We assume that the extra-stress tensorsσ andσ0 are symmetric,u is the velocity vector andp is
the pressure. We shall assume thatα, λ anda are parameters such that 0< α � 1, λ � 0 anda ∈ [−1,1].

We have denoted for tensorsσ , ∇ · σ = σij,j the divergence ofσ , with the Einstein summation convention,σ : τ the sum

σij τij , ∇ · u = ui,i the divergence ofu, u · ∇σ = ukσij,k , ∇p = p,i the gradient ofp, d(u) = 1
2(ui,j + uj,i ) the rate of strain

tensor ofu etω(u) = 1
2(ui,j − uj,i ) the vorticity tensor ofu.

In the sequel, we denote by( , ) the scalar product on[L2(Ω)]n, n ∈ N, and we denote by| · | the corresponding norm. Fo
a section� of Γ we denote by〈 , 〉� the scalar product〈σ, τ 〉� = ∫

� σ : τ |u0 · n|ds.
For α = 1, this problem is also called the Maxwell problem. The corotational Oldroyd model (called the corota

Maxwell model whenα = 1) is given fora = 0 and the upper convected Oldroyd model (called the upper convected Ma
model, ifα = 1) is given fora = 1. If we denoteηp the polymeric viscosity andηs the solvent viscosity,α is then the viscoelas
tic fraction of the viscosity:

α = ηp

ηp + ηs

and(1 − α) the Newtonian fraction of the viscosity. The caseα = 1 or α close to 1 is important because in many cases
solvent is, for all practical purposes, absent. In the network theory, 1−a is a “slip constant” introduced to relax the affine moti
assumption (see [1], vol. II, p. 374). Especially, this constant allows to predict non-zero second-normal-stress differ
quoted in ([1], vol. II, p. 376) : “Experimental data on polymer melts and concentrated solutions suggest a value oa in
]0.5,0.9[.

We have chosen the corotational model as a vital lead because this model presents the advantage to provide a prio
properties. This is due to the relation(

σω(u) − ω(u)σ
) : σ = 0 (1.1)

which leads to a priori estimates. For example this property is used in [2] to obtain the convergence of a FE element m
the approximation of a linearized version of the Maxwell model.

For the fixed point method used to solve the FEM problem which is considered below, it appears that these p
lead to results of convergence for relatively high values ofλ. The convergence is linear and, compared to the upper-conv
Maxwell case, more rapid. The solutions obtained are numerically of good quality and they are generally without osc
Furthermore, all the computational process is relatively robust when we refine the mesh in a sufficiently regular manner
we use thinner meshes. For these reasons, we use this model as a guideline in the choice of the meshes, of the pa
the FEM method, of the iterative method, etc. Notably, for sufficiently high Weissenberg number there appears a phe
of “quasi-slip” of the velocity along the wall of the downstream section of the contraction. We have used the term quas
the sense that, up to numerical error, the fluid slips at the wall, with, however, a no-slip boundary condition.

The numerical study of the corotational case is then extended to the upper convected case. The quasi-slip for th
persists but an oscillating componentσ11 of the tensorσ appears at the downstream wall. It seems to be a consequen
the convection ofσ by a velocityu having small oscillations at the downstream wall. These oscillations have a tende
disappear when we use a thinner and more regular mesh.

The outline of the paper is as follows: in Section 2 we present the FEM used in this paper. In Section 3, we describe n
results obtained for the abrupt 4 to 1 contraction. We study the corotational case in Section 3.1 and the upper convect
Section 3.2. The influence of the refinement of mesh on the solutions is studied in Section 3.3. Finally, in Section 3.4 w
about the appearance of the quasi-slip, notably its links with the Poiseuille flow.

2. The FEM approximation of (P)

Let T = {τ, τ ∈ [H1(Ω)]4, τ symmetric}, the tensor space,X = {u ∈ [H1(Ω)]2, u = 0 onΓ1, u · n = 0 onΓ2} andM =
L2

0(Ω) = {q ∈ L2(Ω), (1, q) = 0} the space of pressures with zero mean value. We remark that for the Stokes Problem o

with λ = 0 in (P), the natural choice for the tensor spaceT is [L2(Ω)]4s (s for symmetric), in fact the choice of the spaceT

above is made only in view of discretization.
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We denote by{Th × Xh × Mh ⊂ T × X × M}h>0 a family of FE spaces whereh is a discretization parameter (in practic
h will be the size of the mesh). With this choice ofT , B is then well defined onX × T .

As in the approximation of the Stokes problem we shall assume that the following velocity–pressure condition hold

inf
q∈Mh

sup
v∈Xh

(∇ · v, q)

|d(v)||q| � β > 0, (2.1)

with β independent ofh.
Now, we give the formulation (Q) considered in this paper. Some details to obtain this formulation are given in [2] an

in [3] where boundaries conditions and aδ-dependent mesh version are studied (δ is an upwinding parameter) and also in [
for a numerical study of this method.

The constitutive equation is approximated with a method of SUPG (Streamline Upwind Petrov Galerkin) type. W
chosen an upwinding of the kindτ + δλB(u, τ ), with δ > 0.

Let µ be a parameter, the problem, obtained by introducing a fraction 1− θ (θ ∈]0,1]) of the constitutive equation in th
momentum equation is then:

Find (σ,u,p) ∈ T × (u0 + X) × M such that ∀(τ, v, q) ∈ T × X × M we have:

(Q)




(
σ + λB(u,σ ), τ + δλB(u, τ )

) + λ(1+ δ)〈σ, τ 〉Γ − = 2α
(
d(u), τ + δλB(u, τ )

) + λ(1+ δ)〈σ0, τ 〉Γ − ,

θ
(
σ,d(v)

) + (1− θ)
(
2αd(u) − λB(u,σ ), d(v)

) + 2(1− α)
(
d(u), d(v)

) − (p,∇ · v) + µ(∇ · u,∇ · v) = (f, v),

(∇ · u,q) = 0,

and its corresponding approximation:
Find (σh,uh,ph) ∈ Th × (u0 + Xh) × Mh such that ∀(τ, v, q) ∈ Th × Xh × Mh we have:

(Qh)




(
σh + λB(uh,σh), τ + δλB(uh, τ )

) + λ(1+ δ)〈σh, τ 〉Γ − = 2α
(
d(uh), τ + δλB(uh, τ )

) + λ(1+ δ)〈σ0, τ 〉Γ − ,

θ
(
σh, d(v)

) + (1− θ)
(
2αd(uh) − λB(uh,σh), d(v)

) + 2(1− α)
(
d(uh), d(v)

) − (ph,∇ · v)

+ µ(∇ · uh,∇ · v) = (f, v),

(∇ · uh, q) = 0.

In [2], a key to obtain some results of convergence, including the Maxwell linearized problem, is to selectµ > 0 and to pick

θ = 1

1+ δ

in the formulation.
In this paper, the iterative method used to solve problem(Qh) is the following implicit scheme. Let(σn

h
,un

h
,pn

h
) ∈ Th ×

(u0 + Xh) × Mh be given,(σn+1
h

,un+1
h

,pn+1
h

) ∈ Th × (u0 + Xh) × Mh is then given by:

(FP)




(
σn+1
h

+ λB
(
un
h
,σn+1

h

)
, τ + δλB

(
un
h
, τ

)) + λ(1+ δ)
〈
σn+1
h

, τ
〉
Γ −

= 2α
(
d
(
un+1
h

)
, τ + δλB

(
un
h
, τ

)) + λ(1+ δ)〈σ0, τ 〉Γ − ,

θ
(
σn+1
h

, d(v)
) + (1− θ)

(
2αd

(
un+1
h

) − λB
(
un
h
,σn+1

h

)
, d(v)

)
+ 2(1− α + c)

(
d
(
un+1
h

)
, d(v)

) − (
pn+1

h
,∇ · v) + µ

(∇ · un+1
h

,∇ · v) = (f, v) + 2c
(
d
(
un
h

)
, d(v)

)
,(∇ · un+1

h
, q

) = 0, ∀(τ, v, q) ∈ Th × Xh × Mh.

Thec term allows us to improve, in certain cases and in a very significant manner, the convergence of the fixed point a
above (thisc term is considered in [5], a numerical study relatingc to the convergence of (FP) is carried out in [4]). In this
paper we shall use values such asc = 0, c = 1

4, c = 1
2.

In all the numerical tests of the following Section 3, we shall select(σ0
h
,u0

h
,p0

h
) to be the solution of the problem(Qh) with

λ = 0 in the equations. We remark that(σ0
h
,u0

h
,p0

h
) is then an approximation of the solution of a Stokes problem.

In view of studying the error and the convergence order of the iterative method(FP), we shall use the following energ
norm:

∥∥(σ,u,p)
∥∥ = [|σ |2 + ∣∣d(u)

∣∣2 + |p|2]1/2
.
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In the iterative procedure we observe after some iterations a convergence of the kind:

∥∥(
σn
h ,un

h,pn
h

) − (
σn−1
h

,un−1
h

,pn−1
h

)∥∥ � Aγ n.

We give an estimate of the ratio of convergenceγ by studying, forn � 2, the difference

∥∥(
σn
h ,un

h,pn
h

) − (
σn−1
h

,un−1
h

,pn−1
h

)∥∥
in log-scale.

In this paper we use the following finite element spaces. The domainΩ is equipped with a conforming triangulation{Th}h>0
of trianglesK . The pair(u,p) is approximated using the Taylor–Hood FE which satisfies(2.1) and the tensorσ is approximated
with aP1 continuous approximation. Then we select:

Th = {
τ ∈ T ; τ |K ∈ [

P1(K)
]4

, ∀K ∈ Th

}
,

Mh = {
q ∈ M ∩ C0( 	Ω); q|K ∈ P1(K), ∀K ∈ Th

}
,

Xh = {
v ∈ X; v|K ∈ [

P2(K)
]2

, ∀K ∈ Th

}
,

whereP1(K) = {v :K → R, v(x, y) = α + βx + γy, (α,β, γ ) ∈ R
3} andP2(K) = {v :K → R, v(x, y) = α + βx + γy +

δxy + εx2 + φy2, (α,β, γ, δ, ε,φ) ∈ R
6}. With the boundary conditions selected for the velocity (Poiseuille type flow)

can choose in our computationsu0 ∈ Uh = {v ∈ [C0( 	Ω)]2; v|K ∈ [P2(K)]2, ∀K ∈ Th}. With this choice, the solutionuh of
problem (Qh) belongs tou0 + Xh = {vh ∈ Uh, vh = u0 onΓ1}, thusuh is P2 on each triangle.

3. Numerical study of the abrupt contraction

We consider the test problem of a fluid flowing in an abrupt 4 to 1 plane contraction, with domain of length 16 de
by the vertices(0,0), (16,0), (16,1) (8,1), (8,4), (0,4) (see Fig. 1). We setΓ1 = Γ \{(x, y) ∈ Γ, y = 0}, Γ2 = {(x, y) ∈ Γ,

y = 0} andΓ − = {(x, y) ∈ Γ, x = 0}.
We select the body force asf = 0, the Dirichlet conditions foru1 are chosen as follows:

• At the inflow boundary:u1(0, y) = 1− y2/16,y ∈ [0,4],
• At the outflow boundary:u1(16, y) = 4− 4y2, for y ∈ [0,1],

on the remainder ofΓ1 we selectu1 = 0 i.e.:

• u1(x,4) = 0, for x ∈ [0,8],
• u1(8, y) = 0, for y ∈ [1,4],
• u1(x,1) = 0, for x ∈ [8,16].

Foru2, we selectu2 = 0 onΓ1, therefore the conditionu · n = 0 onΓ2 leads to

• u2 = 0 onΓ .

Fig. 1. Geometry of the 4 to 1 contraction.
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Fig. 1a. MeshesM1, M2.

Fig. 1b. MeshesM1, M2.

At the downstream wall we then have for the shear stressγ̇ = |u1,2(16,1)| = 8 and the Weissenberg number is then usu
defined for this flow asWe = λγ̇ = 8λ.

The inflow boundary condition uponσ is chosen as the value ofσ̃ (0, y), σ̃ being defined as follows. For the upper convec
model we choosẽσ as the solution of the Poiseuille flow onR × [−4,4]. This gives

σ11(0, y) = 2λαu2
1,2(0, y), σ12(0, y) = αu1,2(0, y), σ22(0, y) = 0.

In the corotational case (a = 0) we select forσ̃ the solution independent ofx which satisfies onR × [−4,4] the constitutive
equation

σ̃ + λ
(
ũ · ∇σ̃ + σ̃ω(ũ) − ω(ũ)σ̃ − a

(
d(ũ)σ̃ + σ̃ d(ũ)

)) = 2αd(ũ),

with ũ(x, y) = 1− y2/16. This gives:

σ11(0, y) = λα(1+ a)u2
1,2(0, y)

1+ λ2(1− a2)u2
1,2(0, y)

, σ12(0, y) = αu1,2(0, y)

1+ λ2(1− a2)u2
1,2(0, y)

,

σ22(0, y) = −λ(1− a)αu2
1,2(0, y)

1+ λ2(1− a2)u2
1,2(0, y)

.

Let σtot = (σ + 2(1− α)d(u) − pI) be the stress tensor. In order to study the influence of the outflow boundary conditio
have also tested other outflow boundary conditions as(σtot · n) · n = 0 andu · t = 0 (fully developed profile) orσtot · n = 0
without conditions onu. With these conditions, computations show that the solutions keep a similar behaviour (except at
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of the channel forx close to 16). In Section 3.4, in the Poiseuille flow case, we present computations made with the co
σtot · n = 0 at the outflow boundary. For these conditions, we notice that the space of pressures is then given byM = L2(Ω).

The computations are made on two meshes given in Fig. 1a: meshM1 and meshM2 which is thinner near the wally = 1.
A zoom of these meshes is given in Fig. 1b. The number of nodes of the triangulation is resp. 1221 and 2266, the n
faces is resp. 2310 and 4358, and the number of unknowns is resp. 14385 and 26841. The CPU time used for each
iterative method (FP) is, on average, resp. 92 s and 280 s (for a processor at 1500 GHz).

The coordinates of the triangle located at the re-entrant corner, with an edge on the wally = 1, are resp. about(8,1),
(8.125,0.979), (8.25,1) for the first mesh and(8,1), (8.08,0.984), (8.16,1) for the second mesh. Fig. 1b shows that
second mesh is thinner and more regular that the first mesh in the upstream section of the contraction. In the upstrea
of M2, for x � 6, we notice that we use relatively flat triangles. Since the flatness of triangles in a mesh can reduce the
of the FEM, we have also tested, inM1, triangles which are less flat. However, we have checked thatM1 andM2 give similar
solutions forx � 6.

3.1. Simulations with the mesh M1: the corotational case

For the meshM1 and the corotational case we have studied the three following cases:

• Case 3.1.1:We = 8λ = 0.4, with α = 1 (Figs. 2–4);
• Case 3.1.2:We = 8λ = 1, with α = 8

9 (Figs. 5–7);
• Case 3.1.3:We = 8λ = 1, with α = 1 (Figs. 8–10).

Fig. 2. Ratio of convergence. Case 3.1.1. MeshM1, a = 0,
We = 8λ = 0.4, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 3. u1 on the linex = 12. Case 3.1.1. MeshM1, a = 0,
We = 8λ = 0.4, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 4. Graph ofu1 (reverse angle) andσ11. Case 3.1.1 (continuation). MeshM1, a = 0, We = 8λ = 0.4, α = 1, θ = 5
6 , δ = 1

5 , c = 0, µ = 2.
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Fig. 5. Ratio of convergence. Case 3.1.2. MeshM1, a = 0,
We = 8λ = 1, α = 8

9 , θ = 5
6 , δ = 1

5 , c = 0, µ = 2.
Fig. 6. u1 on the linex = 12. Case 3.1.2. MeshM1, a = 0,
We = 8λ = 1, α = 8

9 , θ = 5
6 , δ = 1

5 , c = 0, µ = 2.

Fig. 7. Graph ofu1 (reverse angle) andσ11. Case 3.1.2 (continuation). MeshM1, a = 0, We = 8λ = 1, α = 8
9 , θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 8. Ratio of convergence. Case 3.1.3. MeshM1, a = 0,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 9. u1 on the linex = 12. Case 3.1.3. MeshM1, a = 0,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

The parameters chosen areδ = 1
5, θ = 5

6 andc = 0. The curves of the ratio of convergence, the graphics foru1 andσ11 are
given in Figs. 2–10. For 2D representations of the velocity, the circles indicate the degrees of freedom of theP2 element (as in
Fig. 3), these degrees of freedom being located at the vertices and at the mid-points of the edges of the triangles of th
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Fig. 10. Graph ofu1 (reverse angle) andσ11. Case 3.1.3 (continuation). MeshM1, a = 0, We = 8λ = 1, α = 1, θ = 5
6 , δ = 1

5 , c = 0, µ = 2.

Fig. 11. Ratio of convergence. Case 3.2.1. MeshM1, a = 1,
We = 8λ = 0.8, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 12. u1 on the linex = 12. Case 3.2.1. MeshM1, a = 1,
We = 8λ = 0.8, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

our graphs below, the vertices alternate with the mid-points. For 3D representations ofu we have plotted theP1 interpolate of
u at the nodes of the mesh (as in Fig. 4), with a viewpoint opposite to the usual viewpoint.

In Figs. 2, 5 and 8, we see that the iterative method gives linear convergence. In the first case 3.1.1, we observe
and 4 that the first component of the velocity is relatively close to the solution of the Stokes problem.

In the second case 3.1.2, we notice the same situation but, at the downstream section, the profile ofu1 becomes flatter (se
Figs. 6 and 7).

In the third case 3.1.3, for the Maxwell model (i.e.α = 1) with We = 1, we remark, at the wally = 1, an important chang
for the profile of the first component of the velocity (see Figs. 9 and 10). In this third case we observe that the cho
sufficiently high Weissenberg number in the corotational Maxwell model leads to a quasi-slip phenomenon at the dow
wall. On Fig. 9 we have near the wall the valuesu1(12,0.958) = 2.39 andu1(12,0.979) = 2.33.

3.2. Simulations with the mesh M1: the upper convected case

For the meshM1 and the upper convected case we have studied the two following cases:

• Case 3.2.1:We = 8λ = 0.8 with α = 1 (Figs. 11–13);
• Case 3.2.2:We = 8λ = 1 with α = 1 (Figs. 14–16).

We select for the parameters of the FE methodδ = 1
5 andθ = 5

6, we use in the iterative methodc = 0 in the first case andc = 1
4

in the second case. The results are described in Figs. 11–16. In the first case 3.2.1, the results are of the same order
the literature (a discussion concerning the results of the literature and the method of this paper is developed in [4]).

Now, in the second case 3.2.2, we observe that the phenomenon of a quasi-slip for the velocity appears again foWe = 1
(see Figs. 15 and 16). On Fig. 15,u1 take the valuesu1(12,0.958) = 2.40 andu1(12,0.979) = 2.30. Moreover, we remark tha
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Fig. 13. Graph ofu1 (reverse angle) andσ11. Case 3.2.1 (continuation). MeshM1, a = 1, We = 8λ = 0.8, α = 1, θ = 5
6 , δ = 1

5 , c = 0, µ = 2.

Fig. 14. Ratio of convergence. Case 3.2.2. MeshM1, a = 1,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 1

4 , µ = 2.
Fig. 15. u1 on the linex = 12. Case 3.2.2. MeshM1, a = 1,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 1

4 , µ = 2.

Fig. 16. Graph ofu1 (reverse angle) andσ11. Case 3.2.2 (continuation). MeshM1, a = 1, We = 8λ = 1, α = 1, θ = 5
6 , δ = 1

5 , c = 1
4 , µ = 2.

the tensorσ11 gives, on the wally = 1, four oscillations in a thin layer formed of triangles which are adjacent to this wall
notice that these oscillations correspond to the geometry of the mesh. We take the view that this fact is also due to
small irregularities onu which appear at this boundary (see Fig. 16). Furthermore, at the beginning of the iterative pro
seems that the method does not converge (see Fig. 14). For this reason and in view of the appearance ofσ11, we have often
interrupted our computations before convergence. In view of the results of the corotational model we have taken it u
This is one of our motivations to work with the corotational model.
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nd
e

Fig. 17. Ratio of convergence. Case 3.3.1. MeshM2, a = 0,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 18.u1 on the linex = 12.16. Case 3.3.1. MeshM2, a = 0,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 0, µ = 2.

Fig. 19. Graph ofu1 (reverse angle) andσ11. Case 3.3.1 (continuation). MeshM2, a = 0, We = 8λ = 1, α = 1, θ = 5
6 , δ = 1

5 , c = 0, µ = 2.

Fig. 19a. Graph ofσ12 andσ22. Case 3.3.1 (continuation). MeshM2, a = 0, We = 8λ = 1, α = 1, θ = 5
6 , δ = 1

5 , c = 0, µ = 2.

3.3. Simulations with the mesh M2

In view of studying the properties of the FE method and the FE solutions according to the refinement mesh, we use
meshM2. In particular, we have tried to verify that the irregularities ofσ11 at the downstream of the wall (see Fig. 10 a
especially Fig. 16) are due for the most part to the irregularities of the mesh. For the meshM2 the three following cases ar
studied:

• Case 3.3.1:a = 0, We = 8λ = 1 with α = 1, and the parametersδ = 1, θ = 5 andc = 0 (Figs. 17–19, 19a).
5 6
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• Case 3.3.2:a = 1, We = 8λ = 1 with α = 1, with the parametersδ = 1
5, θ = 5

6 andc = 1
4 (Figs. 20–22).

• Case 3.3.3: as in the case 3.2.2, withδ = 1 in place ofδ = 1
5 in view of trying to suppress partially the oscillations onσ11

of the preceding case (Figs. 23–27).

Fig. 20. Ratio of convergence. Case 3.3.2. MeshM2, a = 1,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 1

4 , µ = 2.
Fig. 21.u1 on the linex = 12.16. Case 3.3.2. MeshM2, a = 1,
We = 8λ = 1, α = 1, θ = 5

6 , δ = 1
5 , c = 1

4 , µ = 2.

Fig. 22. Graph ofu1 (reverse angle) andσ11. Case 3.3.2 (continuation). MeshM2, a = 1, We = 8λ = 1, α = 1, θ = 5
6 , δ = 1

5 , c = 1
4 , µ = 2.

Fig. 23. Ratio of convergence. Case 3.3.3. MeshM2, a = 1,
We = 8λ = 1, α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2.

Fig. 24.u1 on the linex = 12.16. Case 3.3.3. MeshM2, a = 1,
We = 8λ = 1, α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2.
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Fig. 25. Graph ofu1 (reverse angle) andσ11. Case 3.3.3 (continuation). MeshM2, a = 1, We = 8λ = 1, α = 1, θ = 1
2 , δ = 1, c = 1

4 , µ = 2.

Fig. 25a. Graph ofσ12 andσ22. Case 3.3.3 (continuation). MeshM2, a = 1, We = 8λ = 1, α = 1, θ = 1
2 , δ = 1, c = 1

4 , µ = 2.

Fig. 26.σ11 on the liney = 1. Case 3.3.3 (continuation). MeshM2,
a = 1, We = 8λ = 1, α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2.

Fig. 26a.σ11 on the liney = 0.96875. Case 3.3.3 (continuation
MeshM2, a = 1, We = 8λ = 1, α = 1, θ = 1

2 , δ = 1, c = 1
4 ,

µ = 2.

Results are summarized in Figs. 17–27. Generally, for the upper-convected Oldroyd-B model, the ratio of conver
the iterative methods used to solve the approximate problem increases with the refinement of the mesh (see for exa
this is also the case for the method of this paper in the case of “embedded meshes” (see [4]). Nevertheless, if we co
simulations of Figs. 8 and 17 (corotational case) and of Figs. 14 and 20 (upper convected case), we see that, with the mM2,
the ratio of convergence of the method remains of the same order with, in the corotational case, an important imp
in relation to the meshM1. We think that this is due to the fact that the meshM2 and the approximated solutions are mo



D. Sandri / European Journal of Mechanics B/Fluids 24 (2005) 733–750 745

from (1.1)

0
velocity

e
t of

ig. 22,

ler

ns
relatively

is a propa-

del with

ponent

between
se of the
flowing
e

Fig. 27. Graph ofu1 (reverse angle) andσ11. Case 3.3.3 (continuation). MeshM2, iterate number 52,a = 1, We = 8λ = 1, α = 1, θ = 1
2 ,

δ = 1, c = 1
4 , µ = 2.

regular in the downstream section. Furthermore, in the corotational case, we take the view that the properties coming
participate to the improvement of the ratio of convergence.

For the corotational model, the results are close to those obtained with the meshM1. We remark, comparing Figs. 1
and 19, that for the corotational model the small irregularities of Fig. 10 vanish. The phenomenon of quasi-slip on the
increases slightly with the thinner meshM2. Indeed, on Fig. 18,u1 has the valueu1(12.16,0.96875) = 2.38 and for the degre
of freedom just before the wallu1(12.16,0.984375) = 2.32, this point being closer of the wall than the corresponding poin
Fig. 9.

In Fig. 19a, we have plotted the componentsσ12 andσ22 of the tensorσ .
Now, let us consider the case 3.3.2 devoted to the upper convected model. In Fig. 21, the valuesu1(12.16,0.96875) = 2.49

andu1(12.16,0.984375) = 2.30 indicate again, in relation to Fig. 15, a slight increase in the quasi-slip phenomenon. In F
in comparison with Fig. 16, we see that the magnitude of the oscillations ofσ11 decreases with the thinner meshM2.

In the third case 3.3.3 we recover again, in Fig. 24, high values foru1 near the wall:u1(12.16,0.96875) = 2.69 and
u1(12.16,0.984375) = 2.28. For this case, the magnitude of the oscillations ofσ11 still decreases with the choice ofδ = 1
(see Fig. 25).

In Fig. 25a, we have plotted the componentsσ12 andσ22 of the tensorσ . We note that the oscillations are of very smal
magnitude than in theσ11 case.

In Figs. 26 and 26a we have plotted the graphics ofσ11 at the wally = 1 and near this wall. The magnitude of the oscillatio
decreases quickly in Fig. 26a, and we notice that the strip which contains the most important part of the oscillations is
narrow. From the examination of Figs. 22, 25, 26 and 26a, it seems that we have at leastL1-convergence ofσ11h towards a
solutionσ11 composed of two peaks located at the re-entrant corner and at the outflow boundary.

In Fig. 27, we represent the results obtained at the iterate number 52. We see that, in the iterative process, there
gation along the wally = 1 of the peak ofσ11 and of the quasi-slip ofu1.

To end the simulations of this section, we present in Figs. 28–30 a simulation of the upper convected Maxwell mo
higher Weissenberg number. Now, in this simulation, there appears a second singularity at the downstream forx � 12.3 and
y′

1 � 0.96875 (as if the flow selects two solutions in a continuum of solution). In the graph of Fig. 31 we see that the com
u1 is almost null on a thin layer adjacent to the wally = 1. In the same way the velocity is also almost null on this layer.

3.4. Discussion about the numerical results

Let us now discuss the appearance of the quasi-slip in the above simulations. For that, we study the relationship
the plane Poiseuille flow, the numerical simulations for a flow through a rectangle and the results obtained in the ca
contraction 4 to 1. Let us consider the Oldroyd problem in the case of a Poiseuille type flow first. We consider a fluid
in the domainΩ2 =]−∞,+∞[×]−1,1[. We assume that the flow is laminar, moving in the+x direction and satisfies th
Oldroyd problem:

(P2)




σ + λB(u,σ ) = 2αd(u) in Ω2,

−∇ · σ − 2(1− α)∇ · d(u) + ∇p = 0 in Ω2,

∇ · u = 0 in Ω2,

u(x,−1) = u(x,1) = 0, ∀x ∈ R.

Furthermore, we assume that the pressure gradient in the flow directionp,1 is a negative constant and that the tensorσ depends
only on y. In the sequel we denote byu� the velocity solution for this Poiseuille type flow and we setf = −p,1 � 0 and

k = λ
√

1− a2. We have the following existence result (see, for example, [6], Eq. (2.8) and Proposition 2.1):
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Fig. 28. Ratio of convergence. MeshM2, a = 1, We = 8λ = 1.2,
α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2.

Fig. 29. u1. MeshM2, a = 1, We = 8λ = 1.2, α = 1, θ = 1
2 ,

δ = 1, c = 1
4 , µ = 2.

Fig. 30. u1 on the line x = 12.16. Mesh M2, a = 1,
We = 8λ = 1.2, α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2. We have

u1(12.16,0.96875) = 2.78,u1(12.16,0.984375) = 2.27.

Fig. 31. u1 on the line x = 14.08. Mesh M2, a = 1,
We = 8λ = 1.2, α = 1, θ = 1

2 , δ = 1, c = 1
4 , µ = 2. We have

u1(14.08,0.96875) = −0.03,u1(14.08,0.984375) = −0.01.

• Case 3.4.1. Let|a| = 1 andα ∈ [0,1]. There exists a uniqueC1 Poiseuille flowu� given by

u�
1(x, y) = f

2
(1− y2), u�

2(x, y) = 0. (3.1)

• Case 3.4.2. Leta ∈]−1,1[ andα = 1. If f � fc , with fc = 1
2k

, then there exists a uniqueC1 Poiseuille flowu� given by

u�
1(x, y) =

y∫
1

−2f s

1+
√

1− 4f 2k2s2
ds, u�

2(x, y) = 0. (3.2)

• Case 3.4.3. Leta ∈]−1,1[ andα < 1.
(a) Letα ∈ [0, 8

9]. There exists a uniqueC1 Poiseuille flow.

(b) Letα ∈]8
9,1[. There exists some criticalf α

c > 0 such that:

(i) if f � f α
c , then there exists a uniqueC1 Poiseuille flow,
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Fig. 32. MeshM3.

(ii) if f > f α
c , then there does not exist aC1 Poiseuille flow, but there exists a continuum ofC0 flows which areC∞

except on two linesy = ỹ andy = −ỹ, with ỹ ∈]0,1[, across whichu�
1,2 presents a jump. The critical valuef α

c

is given by

f α
c = γ α−

1+ (1− α)(kγ α−)2

1+ (kγ α−)2
, with γ α± = 1

k

(
3α − 2± √

α(9α − 8)

2(1− α)

)1/2
(3.3)

andỹ is located in[y+, y−] ⊂]0,1[ with

y± = γ α±
f

1+ (1− α)(kγ α±)2

1+ (kγ α±)2
. (3.4)

Now, in order to compare the Poiseuille flow and the flow in the downstream section of the contraction 4 to 1, we fi
studied numerically the case of a flow through a rectangleQ = [0,1] × [0,8], with Q corresponding to the downstream sect
of the contraction 4 to 1 (in view of the symmetry of the flow we useQ in place of[−1,1]× [0,8]). We have chosen Newtonia
Poiseuille flow at the inflow boundary and Neumann condition at the outflow boundary. The problem considered inQ is the
following:

(P3)

{
σ + λB(u,σ ) = 2αd(u) in Q,

−∇ · σ − 2(1− α)∇ · d(u) + ∇p = 0 in Q,

∇ · u = 0 in Q,

with the following boundary conditions:

• at the inflow boundaryx = 0 andy ∈ [0,1]: u1(0, y) = 4(1− y2), u2(0, y) = 0 andσ = 2αd(u),
• at the outflow boundaryx = 8 andy ∈ [0,1]: either(σtot · n) · t = 0 andu2 = 0 (fully developed profile) or(σtot · n) = 0

whereσtot = (σ + 2(1− α)d(u) − pI) (we present results obtained with the second condition; however, except at th
of the channel, computations show that both conditions give similar solutions),

• at the wallx ∈ [0,8] andy = 1: u1(x,1) = u2(x,1) = 0,
• at the boundaryx ∈ [0,8] andy = 0 (symmetry):u2 = 0, (σtot · n) · t = 0.

With these inflow boundary conditions we have the same volume rate of flow than in the contraction case. We no
with these boundary conditions, the problem(P3) appears as a perturbation of the plane Poiseuille flow.

Computations are made on a meshM3 (see Fig. 32) which corresponds to the meshM1 in the downstream section of th
contraction 4 to 1. In this section, all the computations on(P3) are made withc = 0 for |a| < 1 andc = 1/4 for |a| = 1. We
have usedδ = 1/5 andδ = 1/10 with similar results. Comparisons with the contraction 4 to 1 are made with the results ob
on the meshM1, with c = 0 for |a| < 1 andc = 1/4 for |a| = 1 and withδ = 1/5.

Now, we compareu� anduQ, whereuQ is the velocity solution of(P3).

3.4.1. The case α = 1. Simulations on the rectangle Q

Let us examine the caseα = 1 (cases 3.4.1 and 3.4.2 above). The conservation of the volume rate of flow gives the
sponding value off in u� given by Eq. (3.1-2). Thenf has to satisfy (we setfc = +∞ for |a| = 1):

∃f � fc such that:

1∫
u�

1(x, y)dy =
1∫

4(1− y2)dy = 16

3
, with u� given by (3.1)or (3.2). (3.5)
−1 −1
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Fig. 33.u1 on the linex = 4 for a = 0,α = 1 andWe = 8λ = 0.64. —:
Approximated solution on the meshM3 with θ = 10

11, δ = 1
10, c = 0,

µ = 2. o: Exact Poiseuille flow given by(3.2) with f = 6.235.

Fig. 34. Approximated solution of(P3): u1 on the linex = 4 for
a = 0, α = 1 andWe = 8λ = 0.66. MeshM3, θ = 10

11, δ = 1
10,

c = 0, µ = 2.

For |a| = 1, Eq. (3.5) givesf = 8 in (3.1). For |a| < 1, a numerical study shows that Eq.(3.5), with u� given by(3.2), has

a unique solutionf if and only if k = λ
√

1− a2 satisfies:

k � kc wherekc � 0.0805. (3.6)

We can see in the numerical tests below that the quasi-slip appears in the rectangleQ whenk = λ
√

1− a2 becomes greate
thankc . For a = 0, Eq.(3.6) gives the conditionk = λ � 0.0805 i.e.We = 8λ � 0.6440. We have made simulations arou
this value. Let us consider the casea = 0 andWe = 0.64. For these values the solution of(3.5) is then given byf � 6.235.
Using this value off = 6.235 foru� in (3.2) we find that|uQh − u�| � 0.0075 in[2,6] × [0,1] whereuQh is the approximate
solution ofuQ (see Fig. 33). In this way we see thatu� is stable foruQ. Now, forWe = 0.66 (for this case(3.5) has no solution
u� given by(3.2)) we see that a quasi-slip appears in the domainQ (see Fig. 34).

More generally, we have noticed that forWe � 0.64, u� remains stable foruQ while for We � 0.66 the quasi-slip appear
(tests performed up toWe = 1.2). We have also observed this phenomenon for other values ofa such asa = 0.4 anda = 0.8
with the corresponding critical values given by (3.6):We � 0.7027 andWe � 1.0733. Now, for|a| = 1 ((3.5) is then always
satisfied withf = 8 in (3.1)) the quasi-slip does not appear whenWe increases andu� remains stable foruQ (tests performed up
to We = 1.4 for a = 1). In conclusion, it appears that fork � kc (including the case|a| = 1) the solutionuQ stabilizes towards
the Poiseuille flow while a quasi-slip appears fora ∈]−1,1[ (with α = 1), when(3.5) can not be satisfied, i.e. fork � kc .

3.4.2. The case α = 1. Simulations on the contraction 4 to 1
Now, let us consider the flow through the second part of the channel of the contraction 4 to 1 (always withα = 1). Fora = 0

the solution stabilizes towards the Poiseuille flow but only forWe � 0.59 instead ofWe � 0.64 in the case of the rectangl
Then, starting fromWe = 0.60 a quasi-slip appears along the wall. In the iterative process, this quasi-slip appears progre
by propagation as in Fig. 27. This propagation effect disappears progressively whenWe increases. We get a similar behavio
for a = 0.4 (resp.a = 0.8) with the following critical values for the appearance of the quasi-slip:We = 0.64 (resp.We = 0.82)
instead ofWe = 0.72 (resp.We = 1.09) in the case of the rectangle. Finally, fora = 1 and in contrast to the rectangleQ,
the quasi-slip appears also starting fromWe � 0.95. Similar results are obtained fora < 0. In this way it appears in all case
a = 0, 0.4, 0.8, 1, that a second mechanism contributes to the quasi-slip at the wall. We think that this mechanism
to the singularity of the flow located at the corner. In order to study the influence of the FEM on this mechanism, w
used in problem(Qh) the more classicδλuh · ∇τ term instead ofδλB(uh, τ ). With this term, for|a| < 1, it appears that th
phenomenon persists but is less important. Indeed, the critical values for the appearance of the quasi-slip increase:We = 0.61 for
a = 0, We = 0.66 for a = 0.4 andWe = 1.01 for a = 0.8 while for a = 1 the quasi-slip disappears. In this way, the appeara
of quasi-slip fork < kc, especially when we have|a| = 1, remains an open problem. Concerning the flow in the first part o
channel, the corresponding Weissenberg number is given byWe′ = |u1,2(0,4)| = 16We. In this way we see that the Weissenbe
numbers used in our computations are too small to produce a quasi-slip effect in this part of the channel. On the ot
for a channel of width 8 instead of 2, we can check that the corresponding condition(3.6) becomesk � 16kc . For example, for
a = 0, this givesWe � 10.64. Computations on a rectangle of width 4 instead of 1 show that quasi-slip arises around th
of We.
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Fig. 35. Plots off α
c vs.α, 8

9 � α � 1 (see Eq. (3.3)) andf α
p vs.

α, 0.8 � α � 1. a = 0, λ = 0.0875.
Fig. 36. Approximate solution ofu1 on the linex = 4. MeshM3,
a = 0, We = 8λ = 0.7, θ = 10

11, δ = 1/10,c = 0, µ = 2.

3.4.3. The case α < 1. Simulations on the rectangle Q

Now, let us examine the caseα ∈]0,1[ (see case 3.4.3), particularly whenα tends to 1. We present numerical results obtai
in Q, for a = 0, α ∈]0.8,1[ andλ = 0.0875, i.e.We = 0.7. This value ofWe is chosen in order to have, forα = 1, a quasi-slip a
the wall (see Section 3.4.1). Letα ∈ [0,1], we denote bypα

h
the approximate pressure. In our simulations, we have noticed

pα
h,1 remains approximately constant on[2,6]× [0,1]. We denote byf α

p the mean value of−pα
h,1 on this rectangle. In Fig. 35

we have plottedf α
c given by(3.3) andf α

p versusα. Whenα increases, it appears that the differencef α
c − f α

p decreases an
becomes negative: we obtainf α

p > f α
c for α ∈ [0.945,0.954] (see Fig. 35). In the Poiseuille flow case, this corresponds to

casef > f α
c , with the appearance of a continuum of solutions whose singularity is located on a liney = ỹ, with ỹ ∈ [y+, y−]

(see case 3.4.3(ii)). We notice that limf →f α
c

+ y− = 1, thus, forf � f α
c (with f > f α

c ), a solution exists with a singularit
close to the wall. In the case of the rectangle, we see that the casef α

p > f α
c corresponds, fromα = 0.955, to the appearance

a solution with a singularity of the same kind:u1h,2(x, y) presents a jump on a liney = ỹ close to 1 (see Fig. 36). Furthermor
we see in Fig. 35 thatf α

p drops roughly withf α
p < f α

c . Next, whenα increases up to 1, we see that the solutions rem
singular and tend towards the solution obtained forα = 1, with a quasi-slip at the wall (see Fig. 36).

In this way, whenα tends to 1, we see that the solutions with quasi-slip at the wall appear as the limit of solutions
singularity is located on parallel lines to the wall and close to it. We have also observed this phenomenon for othe

of a ∈]−1,1[ andk = λ
√

1− a2 > kc . However, for|a| = 1, as in the Poiseuille flow case, the flow remains regular (t
performed up toWe = 1.4 for a = 1).

3.4.4. The case α < 1. Simulations on the contraction 4 to 1
In the case of the contraction 4 to 1, fora = 0 andλ = 0.0875, we obtain a phenomenon which is comparable to

phenomenon described in Figs. 35 and 36:f α
c −f α

p decreases towards 0 first, with a minimal value given byf α
c −f α

p = 0.0748
for α = 0.929, then,f α

p drops roughly forα = 0.93, with the appearance of a singular solution. Thus, singular solutions
for smaller values ofα than in the case of the rectangle. Moreover, a propagation of the singularity arises in the iterative p
We obtain a similar phenomenon fora = 1: for We = 1, f α

p drops fromα � 0.995 with the appearance of a singular soluti
As for a = 1 andα = 1, this phenomenon disappears fora = 1 andα < 1, when we choose in problem(Qh) the δλuh.∇τ

term instead ofδλB(uh, τ ) andθ = 1 instead ofθ = 1
1+δ

(in this case we recognize a classical method for the simulatio
viscoelastic flows, we recall that this method is not available forα = 1). And to conclude, for|a| < 1 and forλ sufficiently high,
there appears a breaking value ofα for which, similarly to the Poiseuille flow case, the derivativeu1h,2 presents a jump acros
a parallel line to the wall and close to it. Furthermore, whenα tends to 1, the solution with quasi-slip (withα = 1) appears as
the limit of the solutions obtained forα < 1. Unlike the Poiseuille flow case, this phenomenon also persists for|a| = 1, but it
is sensitive to the FEM used (tests performed forWe = 1). Thus, for|a| = 1, the quasi-slip is more puzzling and it seems, e
more than for|a| < 1, that the singularity at the corner plays an important part in the appearance of the quasi-slip. W
that the breaking value ofα is located in[8,1[ and depends ona andλ.
9
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4. Conclusion

Let us consider the case of the contraction 4 to 1. When the quasi-slip appears, the corotational model gives at t
stream wall numerical solutions which are more regular than the solutions obtained with the upper convected model f
oscillations onσ appears (see the componentσ11 of the tensorσ in Figs. 10, 16, 19, 22 and 25). The corotational model (
more generally the case|a| < 1) indicates the possibility of the existence of a phenomenon of quasi-slip near the bo
for a sufficiently high Weissenberg number (fromWe = 0.6, for a = 0, in our simulations). This possibility is reinforced b
the analysis on the Poiseuille flow. In the upper convected case, although the tensorσ11 gives oscillations which can spoil th
quality of the results, it seems, in view of the corotational model, that this phenomenon of quasi-slip is not due to the di
which arise in the approximation ofσ11. As in Fig. 16, we have noticed in some other simulations, and notably for the u
convected model, that the results depend on the quality of the mesh. However, in the upper convected model case,
study the Poiseuille flow (in the upper convected model case, the solution of the plane Poiseuille flow exists and is re
all λ > 0), the existence of a quasi-slip at the downstream wall of the contraction remains an open question, in par
seems that the singularity located at the corner could play an important part in this phenomenon (as well as for|a| < 1).

As far as we know, in relation to a fluid flowing in a contraction, we have not found this quasi-slip in the literature.
are some hypotheses to explain the difficulties encountered in the simulations to obtain it. Often, it is the Oldroyd-B mo
α = 8

9 which is considered, whereas in this case we have not observed a quasi-slip. Furthermore, does the choice o
allow to capture this phenomenon, as seen with the use of theδλuh · ∇τ term instead ofδλB(uh, τ ) in (Qh) (casea = 1)?
The choice of the mesh also plays a significant part in our simulations. Often the meshes are refined only at the c
not along the wall, furthermore, in the mesh refinement process, the size of the triangles often quickly decreases an
lead to numerical instabilities, particularly in the convergence of the iterative methods used for the simulations. Finall
computational experiments, the computation can be interrupted too soon either because the scheme seems to be d
the beginning of the iterative process as in Figs. 14, 20 and 23, or because the solution is oscillating as in Figs. 16, 2
or before the quasi-slip phenomenon appears. Indeed, during the iterative process, we observe that there is a slow p
of the quasi-slip from the corner towards the end of the downstream section, as shown in Fig. 27, before obtaining a
convergence.
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